Abstract
variables at far field boundaries.
In this paper we present a preconditioned DG discretization of the 2D com-74 pressible Euler equations suitable to compute low Mach number inviscid flows.
75
The conservative Euler equations are written in terms of primitive variables 76 and iterated to steady state using both explicit and implicit schemes. In the 77 explicit case preconditioning affects both the time derivative terms of the gov-78 erning equations, through the action of the Weiss and Smith preconditioning 79 matrix [10] , and the numerical dissipation of the Roe's Riemann solver used 80 to compute the numerical flux (full preconditioning technique). In the im-81 plicit case we have found that preconditioning only needs to be applied to the 
97
The outline of the paper is as follows. In Section 2 we present the precondi-98 tioned form of the compressible Euler equations using primitive variables. In
99
Section 3 we describe the DG discretization of the governing equations, the 100 boundary conditions and the preconditioned numerical flux function. In Sec-101 tion 4 we give some detail on the explicit and implicit time stepping schemes.
102
The performance of the numerical scheme is then demonstrated in Section 5 by Here, ρ is the fluid density, u and v are velocity components, p is the pres-
113
sure and E is the total internal energy per unit mass. The total enthalpy 114 per unit mass, H, is given by H = E + p/ρ, and, assuming the fluid sat-
115
isfies the equation of state of a perfect gas, the pressure is given by p =
, where γ is the ratio of specific heats of the fluid,
117
given by γ = c p /c v .
118
Transforming the compressible Euler equations given in Eq.(1) from conser-
119
vative variable to primitive variables we obtain
where the state vector q in primitive variables, and the transformation matrix
is given by
By assuming that the fluid obeys the perfect gas state equation, ρ can be 123 calculated as ρ=p/T and the derivatives of ρ are given by
Euler equations,
The matrix Γ used in the present work is the local preconditioning matrix of
128
Weiss and Smith [10] written in the following form:
where Θ is given by
Here, U r is a reference velocity which, for an ideal gas, is defined as
where c is the acoustic speed and ε is a small number included to prevent 
135
In the next section we will show how preconditioning enters in the formulation and n 1 and n 2 are the components of the unit vector n = (n 1 , n 2 ) T . The
142
propagation speeds in this direction are
where
For an ideal gas β = 1/c 2 . At low speed as U r → 0, α → 1/2, and all the 145 eigenvalues become of the same order as u n . For the non-preconditioned sys- 
where Ω is the domain with boundary ∂Ω, and n is the unit outward normal 
where P p is the space of polynomial functions of degree at most p. The discrete 162 problem then takes the following form: find q h ∈ V p h such that 
176
The spatial DG discretization of Eq. (9) results in the following global system 177 of equations: if a corresponding high order approximation of the geometry is employed.
192
In this work, the geometric continuity of the element edges belonging to the 193 boundary ∂Ω is guaranteed by a mapping based on Lagrangian polynomial 194 functions φ j (ξ) and Lagrangian node coordinates x (j) and is given by
where ξ is the independent variable on the reference elementκ. Notice that
196
the Lagrangian nodes are placed on the real geometry of the boundary. Conversely, at the outflow boundary, the state q b has the same tempera- The wall boundary condition employed is based on following boundary 220 state:
where n 1 and n 2 are the components of the unit outward normal n =
222
(n 1 , n 2 ) T . The conditions imposed on the velocity components ensure 223 that the normal velocity component is zero on the boundary:
In this case the wall boundary fluxes are computed as follows: 
whereF Γ is given by
Here, ∆q = q − − q + and the matrix |Ã Γ | is defined in terms of the precondi-235 tioned eigenvalues and eigenvectors by
The symbol˜denotes that the matrices are computed using the 
where i is the stage counter for the s-stage scheme and α ik and β ik are the 252 multistage coefficients for the ith stage.
253
The local time step ∆t on each element κ is computed by considering the 254 CF L stability condition:
, where the preconditioned convective spectral radii Λ the DG space discretization results in the following global system of equations:
The implicit backward Euler time discretization of Eq. (16) can be written as
268
is the Jacobian matrix of the DG space dis-269 cretization and B denotes the global system matrix. equal to the number of elements surrounding the element κ plus one.
277
The Jacobian matrix of the DG discretization has been computed analytically
278
(except for the computation of the dissipative part of the numerical flux that 279 has been computed numerically) without any approximation and, using very 280 large time steps, the method can therefore achieve quadratic convergence in 
291
In this section, we present some numerical results demonstrating the per- 
Explicit time stepping results

322
In Fig. 2 we compare the residual histories with and without preconditioning.
323
The plots show that the preconditioning technique leads to an acceleration The effectiveness of preconditioning in accelerating the convergence is illus- Runge-Kutta scheme, subject to the typical CFL condition for high-order DG 348 discretizations, applied to a well-conditioned problem. 
357
The plots show that both the non-preconditioned and the preconditioned im- In this section we examine the accuracy of the (fully) converged solutions.
410
We observe that, whilst the time-derivative preconditioning matrix Γ basi- ing. This loss of accuracy is less evident using P 2 elements, whereas for P 3
430
elements there are no visible differences in terms of normalized pressure iso- Linear (P 1 top row), quadratic (P 2 middle row) and cubic (P 3 bottom row) elements. Figs. 9 and 10 show the isolines of the normalized pressure for the triangular grid with and without preconditioning, respectively. Overall, it is worth not-
443
ing that the DG discretization on triangular grid yields remarkably accurate 444 solutions at low Mach even without preconditioning. In particular, the pre-
445
conditioned and the non-preconditioned contours of normalized pressure are 446 almost indistinguishable using P 2 and P 3 elements, whereas some differences 447 can be seen in the P 1 solutions. However, we see that the DG discretization 448 on the triangular grid avoids the accuracy degradation of the solutions as the
449
Mach number reduces even for the lowest order approximation.
450
These results cannot be explained only by the doubled number of elements in Refined quadrangular grid (top row), triangular grid (bottom row). Linear (P 1 left column), quadratic (P 2 middle column) and cubic (P 3 right column) elements. 
Pressure fluctuations
Drag coefficients
In this section we evaluate the accuracy of the preconditioned and non-precon-493 ditioned solutions in terms of computed drag coefficients. In Tables 1 and 2 Table 1 Drag-coefficients on the quadrangular grid. Table 2 Drag-coefficients on the triangular grid. 
